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ABSTRACT

The equation of radiative transfer can take into account the anisotropic scattering behavior of photons and
anisotropic sources for modeling the light propagation in tissue. This is an important aspect when small tissue
geometries are considered. In this case the solutions of the commonly applied diffusion approximation may
provide only insufficiently accurate results. We numerically solve the equation of radiative transfer by means of
a finite-difference discrete-ordinates technique. However, strong anisotropically scattering media require many
discrete ordinates, which lead to a large computational burden. In this study we implemented a Delta-Eddington
method that allows using only a small number of discrete ordinates, and the solution can be obtained at a lesser
computational costs.

Keywords: equation of radiative transfer, discrete-ordinates method, Delta-Eddington method, anisotropic
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1. INTRODUCTION

The propagation of photons in biological tissue can be accurately described with the equation of radiative transfer
(ERT). An accurate description of light transport is important for model-based iterative image reconstruction
(MOBIIR) schemes commonly used in optical tomography (OT).}»2 Within these schemes light propagation
models are employed for predicting detector readings on the tissue boundary as a function of absorption and
scattering coefficients inside the tissue.

Most light propagation models in OT are based on the diffusion equation, which is an approximation to the
ERT. The diffusion approximation has limited applicability in highly absorbing media, media with low-scattering
regions, and media with small geometries where boundary effects are dominating.>® Furthermore, problems
with this approximation have been reported when anisotropic sources are used.> %8 We present in this work
numerical simulations that show light distributions in turbid media as a function of anisotropic scattering and
the anisotropy of the source. In addition we investigated how the medium size affects the results. Similar studies
have already been performed for transient short-pulse radiative transfer in anisotropic scattering planar media
using a Monte-Carlo method'® and for highly absorbing media with small source-detector separations based on
a generalized diffusion approximation.® Studies have not been carried out, however, for the time-independent
ERT using a finite-difference discrete-ordinates method.

All numerical calculations in this work are done with a finite-difference discrete-ordinates method. The numer-
ical determination of a solution of the ERT becomes computationally very time-consuming for typical anisotropy
factors of biological tissue. Therefore, we have implemented a Delta-Eddington method that considerably reduces
the time of the solution process.

Further author information:
A.D.K.: E-mail: ak2083@columbia.edu, Telephone: 1 212 854 5868
A.H.H.: E-mail: ahh2004@Qcolumbia.edu, Telephone: 1 212 854 5080

624 Optical Tomography and Spectroscopy of Tissue V, Britton Chance, Robert R. Alfano, Bruce J. Tromberg,

Mamoru Tamura, Eva Marie Sevick-Muraca, Editors, Proceedings of SPIE Vol. 4955 (2003)
© 2003 SPIE - 1605-7422/03/$15.00



2. THEORY
2.1. Equation Of Radiative Transfer

The photon transport in tissue can be mathematically described by the particle transport equation. This is
a balance equation for the angular flux of photons, called radiance. A derivation of this equation is given by
Duderstadt and Martin.!! The particle transport equation applied to photons is also called equation of radiative

transfer.!’ The time-independent ERT in a three-dimensional spatial domain is given by:
Q-Vip(r, Q) + (pa(r) + ps(r))p(r, Q) = S(r, Q) + ps(r) /p(ﬂaﬂ')tb(r,ﬂ')dﬂ'- (1)
4

The fundamental quantity in radiative transport theory is the radiance ¢ (r, ), with units of Wem™2sr~1!, at
the spatial position r and unit direction 2. The spatial position and the direction of the radiance are defined
by means of two coordinate systems.!! A laboratory coordinate system describes the geometry of the medium in
three-dimensional space. Each point of the medium is denoted by a vector r = r(z,y, z) in Cartesian coordinates.
Furthermore, a local coordinate system describes the local scattering process of light along directions © at a
particular point 7. The local coordinate system can be expressed in spherical coordinates with € = Q(9, ¢).
Both coordinate systems are shown in figure (1).

Furthermore, the integral of the radiance ¢ (r,€2) over all directions £ at one point 7 yields the fluence ¢(r)

with units of Wem™2:

o(r) = [ ¢(r,Q)ds2. (2)
/

Other quantities besides the radiance ¢ that are included in the ERT are the source term S(r, ) with the unit

Wem3sr!, the scattering coefficient, us(r), the absorption coefficient, ju,(r), both given in units of cm~!, and

the scattering phase function p(€2, Q') with units of sr=!.
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Figure 1. The laboratory coordinate system describes the global geometry of the scattering medium that contains all
points . The local coordinate system describes the local scattering process into directions €2 at the point r.

2.2. Finite-Difference Discrete-Ordinates Method

The direction € in the ERT is replaced with a set of discrete ordinates Qy by utilizing a discrete ordinates (Sar)
method.'> 13 The integral in the ERT is approximated with a quadrature rule

K
[ PR @@ % Y wnp( O, D)) (3)
4 k'=1
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where wy, are appropriate weights determined by full level symmetry of the ordinates.!> The total number of

ordinates K is given by K = N (A + 2) with N the number of direction cosines of the Sy method. The angular
discretization yields a set of K coupled differential equations for the radiance ¢ (r, Qx) = 1k (r) in the directions
Q. The spatial derivatives of the ERT are replaced with a finite-difference scheme. In this work we use an
upwind-difference scheme. The upwind-difference formula depends on the directions €2y of the angular-dependent
radiance ¥ (). The resulting algebraic system of equations is solved with a Gauss-Seidel method.'* 16

2.3. Scattering Phase Function

The scattering phase function p(£2,€') describes the anisotropic scattering behavior of photons in biological
tissue. In tissue optics this function is typically assumed to be independent of . The phase function gives the
probability that a single photon is deflected by an angle #. The angle 6 encloses the two directions formed by
and Q' in the interval 6 € [0, 7] with € - Q' = cosf. Furthermore, the phase function p is normalized with

1

/p(Q,Q’)dQ' = /p(Q -QN)dQ = /p(cosG)dﬂ' = 27r/p(cos 6)dcosf = 1. (4)

4 4 4 —1

The expectation value of cos# with

1
g =< cosf >=2m / cos fp(cos 6)dcos 6 (5)

—1

is called the anisotropy factor g.

A commonly applied scattering phase function in tissue optics is the Henyey-Greenstein (HG) phase function

prc'” ' and is given as
(cost) Lo Q
cosf) = )
buc 47(1 + g% — 2g cos 0)3/2

This function can also be expanded into a series of Legendre polynomials P, (cos )

N
1
pra(cosf) = e ;(271 + 1)b, P, (cos ) (7)
with the coefficients
1
b, = / pra(cos )Py, (cos0)dQ = 27r/ praG(cos) Py, (cos@)dcos = g". (8)
4w —1

An isotropic scattering medium is described by by = 1 and b,, = 0. The anisotropy factor ¢ in equation (6) equals
the coefficient b; = g for anisotropically scattering media.”

For highly anisotropically scattering media (g > 0.8) the computational burden becomes very large. Many
Legendre polynomials and discrete ordinates are needed to account for a sufficiently accurate angular discretiza-
tion. If the number of used discrete ordinates K is too small, the condition (see equation (4)) for a normalized

phase function is not satisfied anymore:
K

Z wk/p(ﬂk, Qk/) 75 1. (9)

k'=1

That leads to false scattering and affects the accuracy of the discrete-ordinates technique.'®
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2.4. Delta-Eddington Method

The Delta-Eddington method?® reduces the number of discrete ordinates and Legendre polynomials by trans-

forming the phase function into two separate terms:2!>22

e a fraction f of scattered photons within a collimated laser beam is described by a d-function and

e another fraction (1 — f) out of the collimated laser beam scattered photons is described by a new HG phase
function plyq

puG(cos8) ~ ps_pa(cosf) = (1 — Py (cosh) + %f&(l — cos ). (10)
The HG phase function pfy4(cosé) is also expanded into a series of Legendre polynomials:
1N
Prc(cost) = o Z(Qn + 1)b), Py(cos ). (11)
n=0

Substitution of the HG phase function (equation (6)) into equation (10) and replacing the J-function with a
series of Legendre polynomials gives the new coefficients?!

b/ — bn - f
N denotes the number of terms after the series expansion in equation (11) is terminated. The ERT can now be
re-written by inserting equation (10) into equation (1)

with f = gV *1. (12)

Q-Vi(r, Q@) + (pa + (1 = ) (r, @) = S(r, Q) + (1= fus /p}zc(ﬂa Q) (r,Q)deY". (13)
4m

3. RESULTS
3.1. Problem Set-Up

We studied the differences in the fluence distributions of isotropic scattering media (¢9=°(r)) and anisotropic
scattering media (¢97%-9%(r)) as a function of the medium size. This study was performed for either a diffusively
light-emitting (isotropic) source S%/ or a collimated (anisotropic) source S¢. A diffuse source S/ emitted
light into the angular half-space 27 sr since the source was positioned on the medium boundary, whereas the
collimated source S covered an angle of ~ 0.337 sr that was forward-peaked into the medium. In addition,
we performed calculations for the fluence distributions ¢%/ (r) and ¢°°!(r) by using either a diffuse source S/
or a collimated source S°. This study was performed in isotropically (¢ = 0) and anisotropically (g = 0.95)
scattering media as a function of the medium size.

The media under consideration had different geometrical dimensions (1 cm x 1 cm, 2 cm X 2 cm, 4 cm X
4 cm, and 8 cm X 8 cm). Therefore, our numerical domain was varied with grid points 41 x 41, 81 x 81,
161 x 161, and 321 x 321 since the spatial step size of adjacent grid points was kept constant with Az =
Ay = 0.025 cm. The reduced scattering coefficient u!, = (1 — f)us = 10 cm~! and the absorption coefficient
pa = 0.2 cm™! were constant for all simulations. Note that in this case (u}, >> p,) it is generally assumed
that the diffusion approximation is valid. Since we simulated isotropically (¢ = 0) and anisotropically (g = 0.95)
scattering media we had to adjust the scattering coefficient s according to equation p! = (1 — f)us with f = g3
(N = 2 in equation (12)). For an isotropically scattering medium we obtained the following set of optical
parameters {g = 0,us = 10 cm~'}, and for the anisotropically scattering medium we had {g = 0.95,us =
ph/(1— f) = 28.52 cm™!'}. The calculations were carried out with a Sg method (48 discrete ordinates). The
fluence distributions were normalized to the source term on the medium boundary with the condition

S (r, Q)dQ2 = Sel(r, Q)d2 = const. (14)
4T 4m

The differences of the fluence distributions are expressed by the ratios ¢9=%9° /$9=0 for different sources, and
¢c°! | p?if for different anisotropy factors.
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3.2. Diffuse Sources In Media With Different Anisotropy Factors

We calculated the fluence distributions ¢9=%% and ¢9=° for media with an anisotropy factor g = 0.95 and g = 0.
The source term constituted a diffuse source S/ that was placed on the center top boundary of the medium.
As can be seen in figure (2) the ratio of both light distributions is in the range of 0.975 to 1.025 for most areas
in all 4 media. Therefore, 9=9-%% is almost identical to ¢9=C. This result is also in accordance with the diffusion
approximation, where the scattering coefficient ps of a highly anisotropically scattering medium (g = 0.95) can
be replaced with a reduced scattering coefficient u!, = (1 — f)us of an isotropically scattering medium (g = 0)
yielding the same results for the fluence distributions ¢9=°-%5 and ¢9=°.

1.2 S 1.2
1.1 .
1.0 .
0.9 .
0.8 .
0.7 .

(a) lem x lem (b) 2cm x 2cm
, 1.2 1.2
1.1 .
1.0 .
0.9 .
0.8 .
0.7 .
(c) 4cm x 4cm (d) 8cm x 8cm

Figure 2. Ratios ¢9=0'95/¢9=° for different media sizes: (a) lcm X lem, (b) 2cm X 2cm, (c¢) 4cm X 4cm, (d) 8cm x 8cm.
A diffuse source S¥f was placed at the top center of the medium boundary.
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3.3. Collimated Sources In Media With Different Anisotropy Factors

In a second example, we calculated the fluence distributions for anisotropically (¢ = 0.95) and isotropically
(g = 0) scattering media using a collimated source S as can be seen in figure (3). The fluence distribution
#9799 of the anisotropically scattering medium deviates from the isotropically scattering medium by a factor
of 1.2 in the vicinity of the collimated source S¢°. This effect is strongest for the small medium. All four images
were put on the same gray scale as figure (2) for direct comparison. The use of a collimated source instead of
a diffuse source as in the previous example shows that the anisotropy has to be taken into account for light
propagation in tissue for small geometries such as lem x lem and 2cm X 2cm.

(a) lem x lem (b) 2cm x 2cm

(c) 4cm x 4cm (d) 8cm x 8cm

Figure 3. Ratios ¢9=°% /¢9=° for different media sizes: (a) lem x lcm, (b) 2cm x 2cm, (c¢) 4cm x 4em, (d) 8cm x Scm.
A collimated source was placed at the top center of the medium boundary.
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3.4. Isotropically Scattering Media With Different Sources

We calculated the fluence distributions, ¢°°" and ¢4/, in isotropically scattering media (g = 0) for a collimated,
Seoland a diffuse, S/, source. The images in figure (4) depict the ratios ¢°° /¢%/ for different media sizes.
As can be seen in figure (4) the ratios between the light distributions of both sources are in the range between
1.2 to 2.4. It is highest in the vicinity of the source position. This effect is largest for the smallest medium with
lem x lem.

(a) lem x lem (b) 2cm x 2cm

(c) 4cm x 4cm (d) 8cm x 8cm

Figure 4. Ratios ¢°°'/¢%/ for different media sizes: (a) lcm x lem, (b) 2cm x 2cm, (¢) 4cm x 4cm, (d) 8cm x 8cm.
The collimated, $°°, or diffuse, S/, source was placed at the top center of the medium boundary. The medium had an
anisotropy factor ¢ = 0. An up to 140 % higher fluence ¢°°’ is observed due to the collimated source since more light
energy is deposited into the medium.
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3.5. Anisotropically Scattering Media With Different Sources

In the last example we calculated the fluence distributions, %%/ and ¢, for a diffuse source S/ and a collimated
source S°° in anisotropically scattering media with g = 0.95 instead of an isotropically scattering medium as in
the previous example. The images in figure (5) show the ratios of fluence distributions. All images are displayed
at the same gray scale as in figure (4) for better comparison. We found similar results as in the previous example

for isotropically scattering media.
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Figure 5. Ratios ¢°°/¢? for different media sizes: (a) lcm x lem, (b) 2ecm x 2cm, (¢) 4cm X 4cm, (d) 8cm x 8cm. The
collimated or diffuse source was placed at the top center of the medium boundary. The medium had an anisotropy factor
g = 0.95. A larger fluence ¢ is observed for the collimated source due to the higher source power density at forward

directions.
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4. CONCLUSION

We have implemented a Delta-Eddington method in conjunction with a finite-difference discrete-ordinates tech-
nique to solve the equation of radiative transfer in highly scattering media. The Delta-Eddington method reduces
the number of discrete ordinates used for the angular discretization. The numerical solution can be calculated
with less computational effort. Thus, highly anisotropically scattering media (g > 0.8) could be studied.

The light propagation in anisotropically scattering media was compared to the light propagation in isotrop-
ically scattering media for different medium sizes. In addition, diffuse and collimated sources were considered.
We found minor discrepancies for media with dimensions larger than 20 mean free reduced scattering lengths
(20 p!=1) when diffuse sources were present. For media with dimensions around 10 mean free reduced scattering
lengths (10 p/~1) a deviation of 20 % between the light distributions of the isotropically and anisotropically
scattering medium and collimated sources could be found. In the case of direct comparison of collimated and
diffuse sources the error between both light distributions can be larger than 100 %. The largest deviations are
present in the vicinity of the source.

We conclude from the performed numerical study that both the anisotropy factor g and the scattering
coefficient p, instead of the reduced scattering coefficient p}, = (1 — f)us has to be taken into account for small
tissue geometries when collimated sources are present in order to obtain sufficiently accurate results. The results
are of particular importance for optical imaging of finger joints and molecular imaging of small animals.
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