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ABSTRACT

It is well know that the inverse problem in optical tomography is highly ill-posed. The image reconstruction
process is often unstable and non-unique, because the number of the boundary measurements data is far fewer
than the number of the unknown parameters (optical properties) to be reconstructed. To overcome this problem
one can either increase the number of measurement data (e.g. multi-spectral or mulit-frequency methods), or
reduce the number of unknows (e.g. using prior structural information from other imaging modalities). In
this paper, we introduce a novel approach for reducing the unknown parameters in the reconstruction process.
The discrete cosine transform (DCT), which has long been used in image compression, is here employed to
parameterize the reconstructed image. In general, only a few DCT coefficient are needed to describe the main
features in an image, and the number of unknowns in the image reconstruction process can be drastically
reduced. Numerical as well as experimental examples are shown that illustrate the performance of the new
code.
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1. INTRODUCTION

In optical tomographic imaging one attempts to determined the spacial distribution of optical properties inside
a biological medium, based on measurements taken on the boundary of the medium. This so-called inverse
problem has long known to be highly ill-posed. This means that many different internal optical property
distribution can lead to the same light distribution on the surface of the domain. One of the major reasons for
this problem is that the number of unknown parameters to be reconstructed often by far exceeds the number of
boundary measurement data available. Therefore the number of known data points is substantially smaller than
the number of unknown parameters in the resulting system of algebraic equations. To overcome this problem
one can try to increase the number of data points. To this end, researchers have suggested, for example,
multi-spectral method1 as well as multi-frequency measurement systems.2 In addition, or alternatively, one can
seek to reduce the number of unknowns. In this direction, various groups have suggested to combine optical
tomography (OT) with other imaging modalities, such as magnetic resonance imaging (MRI)3 or ultrasound.4

In these cases, MRI or ultrasound provides the prior structural information for optical imaging. In addition,
Schweiger5 have tested different local basis functions to convert spatical optical propertis to certain local basis
coefficients. In this way an image is described by a ”small” number of coefficients, rather than by each pixel
value in the image.

In this paper, we propose a substantially different approach. We hypothesize that the number of unknowns
can be drastically reduced by parameterizing the spatial distribution of optical properties via a globe basis trans-
form and then reconstruct the coefficients of this global basis transform. Concerning the global basis function
we use the discrete-cosine transform(DCT), which has long been used in the field of image compression.6,7 It
has been shown that using the DCT one can achieve high compression ratio for smooth images without loosing
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much information. Optical tomographic images are by nature typically very smooth and it can be expected that
only a few DCT coefficients are necessary to capture the main features of most optical tomographic images. By
reconstructing these coefficients, rather than each pixel values of an image, the number of unknown parameters
can be greatly reduced as compared to conventional optical tomographic image reconstruction schemes.

To illustrate the performance of the parametric reconstruction technique, we employ in this paper the
frequency-domain equation of radiative transport (ERT). In Section 2, the pertinent aspects of the ERT and
related standard reconstruction schemes are reviewed. Section 3 is devoted to an overview of DCT and its
application to OT. In Section 4 reconstruction examples are presented using numerically simulated data as well
as experimental data obtained from tissue-like phantoms. We compare the performance of the parametric-DCT
method and a standard reconstruction method and provide an outlook for future studies in this area.

2. FREQUENCY DOMAIN OPTICAL TOMOGRAPHY WITH THE ERT
We implemented the parametric reconstruction methods using an existing model-based iterative image recon-
struction (MOBIIR) algorithm that is based on the frequency domain ERT.8 The MOBIIR code consists of a
forward solver and an inverse solver. Given a distribution of optical properties inside the medium, the forward
solver provides predictions of the outgoing current on the boundary of the medium. The inverse solver com-
pares these predicted detector readings with actual measurement data and calculates an update of the optical
property distribution, which is again used as input for the forward solver, etc. In the following we will briefly
review some pertinent details of this algorithm.

2.1. Forward Solver
The frequency-domain ERT that describes the photon density in the phase space, i.e., as a function of position
x ∈ D ⊂ R

3 and direction θ ∈ S2 (unit sphere of R
3), is given by(

− iω

v
+ θ · ∇ + µt (x)

)
ψ (x,θ) − µs (x)

∫
s2

k(θ · θ′)ψ
(
x,θ′) dθ′ = 0 in D × S2

ψ (x,θ) = q (x,θ) on Γ−.
(1)

where i =
√−1, v is the speed of light in the medium, and ω is the source modulation frequency. The parameter

µt = µa+µs, with µa and µs being the absorption and scattering coefficient, respectively. ψ (x,θ) is the radiance
at position x (x ∈ D) traveling in direction θ with the unit of Wm−2sr−1. Note that ψ (x,θ) is frequency-
dependent. q (x,θ) is a source with the unit of Wm−3sr−1 defined on the boundary set:
Γ± := {(x,θ) ∈ ∂D×S2 s.t. ±θ ·ν (x) > 0}, with ν (x) the outward unit normal to the domain at x ∈ ∂D. The
”collision” kernel k(θ · θ′), which describes the probability that photons traveling in direction θ′ scattered into

direction θ, is a positive function independent of x and satisfies the normalization condition:
∫

S2
k(θ ·θ′)dθ′ = 1.

The scattering kernel for light propagation in tissues is chosen here as the Henyey-Greenstein phase function.9

Solving the forward problem (1), will give the quantity of radiance. However, in OT experiments the quantity
that one measures is the outgoing current. This current can be expressed as

J(xd) =
∫

S2
+

θ · ν(xd)ψ(xd,θ)dθ. (2)

Here xd is the position of the detector and S2
+ = {θ : θ ∈ S2 and θ · ν(xd) > 0}. The outgoing current J(xd) is

a complex function of the optical paramters µa and µs.

With the combination of the discrete ordinates method10 for the angular variable, a finite-volume discretiza-
tion method for the space variable,11 and an appropriate boundary condition, the ERT can be converted to the
following algebraic equation:

AΨ = SΨ + Q. (3)

where A ∈ C
NJ×NJ and S ∈ C

NJ×NJ are the discretized streaming-collision and scattering operators, re-
spectively, N denotes the total number of descritized elements and J denotes the total number of descritized
ordinates. The boundary source term and the boundary condition can be denoted by Q. The vector Ψ ∈ C

NJ×1

denotes radiance ψ(x,θ) on the elements C in the direction θj .
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2.2. Inverse solver with standard methods

Using the ERT forward model, we can predict how the light propagates inside the medium and what is measured
on the boundary of the medium. In real OT experiments only a limited number of boundary measurements
are available. After discretizing Eq.(1) with a reasonable mesh, one usually obtains a very underdetermined
system, with which to reconstruct the optical property maps. Classically, a least square problem is formulated
and a regularization term is added to compensate for this underdetermination. Numerically, this requires the
minimization of the following objective function:

minFα(µa, µs) =
1
2

Ns∑
s=1

Nd∑
d=1

(Ps,dΨs − zs,d)
2 +

α

2

N∑
C=1

∑
p=a,s

( ∑
κ=x,y,z

(DC
κµp)2 + (µC

p)2
)

. (4)

Here µa = (µ1
a, · · · , µC

a , · · · , µN
a )T ∈ R

N×1 and µs = (µ1
s, · · · , µC

s , · · · , µN
s )T ∈ R

N×1 denote absorption coeffients
and scattering coefficients, respectively, and N is the number of discretized elements. Ps,d is the discretized
form of the operator at detector position xs,d that projects the photon radiance to the outgoing photon current.
zs,d refers to the boundary measurement.

The second term is a regulariztion term and α is a regularization parameter. DC
κ ∈ R denotes the discretized

partial differential operator at element C in κ = (x, y, z) direction. We refer the interested reader to Ren et al12

for more details of the inverse algorithm of ERT.

3. PARAMETRIC RECONSTRUCTION METHOD WITH DCT

3.1. Image compression with DCT

Compression algorithms have been developed to reduce the important memory space taken. For example, the
DCT is the core algorithm in the JPEG image compression technique.7

The general formula for 1D-DCT tranform for a M-points signal is defined as follows:

F (k) = C(k)
M−1∑
x=0

f(x)cos[
(2x + 1)kπ

2M
]

with 0 ≤ k ≤ M − 1

C(k) = {
1√
M

k = 0
2√
M

1 ≤ k ≤ M − 1 (5)

The values F (k) are called the DCT coeffients of f(x). Since DCT is an invertible transform, its inversion
transform (IDCT) can be written as:

f(x) =
M−1∑
k=0

C(k)F (k)cos[
(2x + 1)kπ

2M
]

with 0 ≤ x ≤ M − 1

C(k) = {
1√
M

x = 0
2√
M

1 ≤ x ≤ M − 1 (6)

Equation (6) states that any signal (or image in 2D case) can be represented by the expansion coefficients in the
spatial frequency domain. Since often only a few coefficients are necessary to capture most feature of an image,
this provides a means to efficiently save or store an image. For example, in the field of the image compression,
low spatial frequency coefficients of an image are stored for future recovery of the original image. An illustration
of this is given in Fig. 1. Here a target with properties that are Gaussian distributed is embedded in a 42 ×
42 pixels image. The DCT is applied and the two-dimensional DCT coefficients are plotted in Fig. 1(b). One
can observe that the main DCT coefficients are centered at the low-spatial-frequency corner. Higher frequency
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Figure 1. (a) a 42 × 42 pixels absorption coefficient map with a Guassian distribution perturbation enclosed; (b) DCT
transform of the absorption image (a); (c) an IDCT recovered image using half low-frequency DCT coefficents; (d)
absorption coefficients difference between the original and the recovered image.

coefficients are close to zero. If we only use half of the frequency components in each dimension (21×21 low-
frequency coefficents), and perform the inverse DCT to transform we obtain Fig. 1(c). It can be seen that
the so ”reconstructed” image is almost identical to the original image in Fig. 1(a). Fig. 1(d) illustrated the
difference between the original image Fig. 1(a) and the recovered one Fig. 1(c).

3.2. OT with Parametric-DCT method
In OT, the ERT is used to characterize the wave propagation in random media. The forward calculation using
ERT requires a highly discretized mesh to mimic accurate field distribution. This fine discretized mesh induces a
large number of elements to compose an image. The algorithm described in the section 2.2 treats each discretized
element of an image as an independent variable. Therefore, the forward discretization results in a large number
of unknowns for the inverse computation. The image compression technique with DCT can help to reduce the
number of these unknowns.

We can write the spatial distributed optical properties in a three-dimensional (3D) domain as:

µp=a,s(x, y, z) �
Mx∑

kx=0

My∑
ky=0

Mz∑
kz=0

Aa(s)(kx, ky, kz)cos(
2x + dx

2Lx
kxπ)cos(

2y + dy

2Ly
kyπ)cos(

2z + dz

2Lz
kzπ), (7)

where µp=a,s(x, y, z) is the absorption (or scattering) coefficients at discretized coordinate r = (x, y, z). A(kx, ky, kz)
represents DCT coefficients at spatial frequecy kx, ky, and kz in x, y, andz directions. Mx, My, and Mz are the
numbers of the spatial frequencies we are interested in. And dx, dy, and dz are the discretized resolutions.

With Eq. (7), the objective function that we want to minimize takes the form:

minF(Aa, As) =
1
2

Ns∑
s=1

Nd∑
d=1

(Ps,dΨs − zs,d)
2
. (8)

here, Aa and As are the DCT coefficients for µa and µs respectively. Compared with Eq. (4), the reconstructed
parameters changed from optical properties (µa, µs) to DCT coefficients (Aa, As). Also, the regularization term
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Figure 2. Flow chart of reconstructing an optical properties’ map with parametric-DCT method

is left out. As being known, the regularization term is applied to smooth out the high frequency components.
With parameter-DCT reconstruction, we only reconstruct the DCT coefficients with low frequencies. Thus, The
regularization term in the objective function is not necessary.

The optimization algorithm we choose here is a quasi-Newton method with BFGS update of Hessian matrix.13

Details of the implementation of this optimization algorithm can be found in reference.12 Concerning the new
defined objective function Eq. (8), the gradient of the objective function is fomulated as:

∂F
∂Aa(k)

=
N∑

i=0

∂F
∂µp=a,s(i)

cos(
2x(i) + dx

2Lx
kxπ)cos(

2y(i) + dy

2Ly
kyπ)cos(

2z(i) + dz

2Lz
kzπ). (9)

Here
∂F

∂µp=a,s(i)
is the derivative of the objective function with respect to optical properties. Detaila on how

to obtain the derivative terms can be found in reference.12 N is the number of total discretized elements. The
overall flowchart of the image reconstruction with the parameteric-DCT method is presented in Fig. 2:

4. EXAMPLES OF PARAMETERIC RECONSTRUCTION

We illustrate the performance of the parametric reconstruction algorithm by using a three-dimensional (3D)
numerical example and a tissue phantom experimental example. Results of the parametric-DCT approach are
compared to the results obtained with a standard MOBIIR algorithm using the frequency-domain ERT. In
the examples chosen here we only reconstruct maps of µa with fixed µs. Reconstructing maps of µs can be
accomplished in basically the same way.

4.1. Synthetic data generation and experimental data aquisition

We consider a cylindrical computational domain defined as:
D :=

{
(x, y, z)T

∣∣∣(x − 2.05)2+(y − 2.05)2≤ 4.1; 0 ≤ z ≤ 5.0
}

, in which a perturbation is given by

Dp :=
{

(x, y, z)T
∣∣∣(x − 3.0)2+(y − 3.0)2≤ 1.4; 0 ≤ z ≤ 5.0

}
(see Fig. 3). The scattering coefficients and anisotropy
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(b)

Figure 3. Measurement setup for optical tomography (a) and its schematic plot (b). A beam of laser light illuminates
the optical media at the source (•) position. After propagating and interacting with a optical medium, the light reaches
the boundary detectors (◦). The purpose of the inverse optical tomography problem is to recover the media’s optical
properties on the basis of these boundary measurement.

factors of the background medium and the perturbation are identical (µs = 40.0cm−1, g = 0.73). The absorption
coefficents for background and perturbation are 0.1cm−1 and 0.2cm−1, respectively. The source modulation
frequency is set to ω = 300MHz. Using the mesh generating software GID, the computational domain is dis-
ceitized into 23221 elements with 4512 nodes. The angular domain is discretized into 48 uniformly distributed
directions with full-level symmetry. This discretization yields a total number of 23221 unknown parameters, if
we consider to reconstruct the absorption optical properties on the discretized elements only. In this case, the
measurement data are generated by synthetical forward computation rather than real experiments. Mimicing
the real experimental setup in our lab, two layers of sources and detectors are placed around the boundary, as
illustrated in Fig. 3(b). The two layers are separated by 1cm. On each layer twelve sources (S12) and twelve
detecteors (D12) are evenly distributed. Totally, we will generate S24 × D24 = 576 measurement data, which
is far fewer than 23221 unknown discretized elements.

The real experimental data were obtained with our dynamic optical tomography system (DYNOT). The
measured phantom had the same geometry as used in the numerical study; and detectors and sources were
located at the same positions as in the numerical study. The tissue-like phantom consisted of a background
medium — 1 percent Intralipid solution; and a perturbation medium — mixed intralipid and ink solution. The
optical properties for this phantom are given as follows: the scattering coefficient of the background and the
perturbation are the same µb

s = µp
s = 27.0cm−1; the absorption coefficient of the background is µb

a = 0.023cm−1

and of the perturbation is µp
a > 0.1cm−1; the anisotropic factor g = 0.73. The location of the perturbation is

similar to that used in the numerical example, but the diameter of this perturbation d = 0.6cm is smaller than
the size of perturbation used in the numerical example.

4.2. Reconstruction results of synthetic data

In this section we present reconstructed images from the synthetically generation data in a cylindrical domain.
In this case we choose to reconstuct kx×ky×kz = 10×10×3 (=300) coefficients in the parameteric-DCT method.
The standard MOBIIR reconstruction were performed to determine the optical properties for each of the 23221
elements of the mesh. Therefore, the DCT-method reduced the number of unknowns by approximately a factor
of 77. Fig. 4 shows the exact µa maps (Fig. 4 (a)-(d)), reconstructed maps with the standard MOBIIR method
(Fig. 4 (e)-(h)), and reconstructed maps with parametric-DCT method (Fig. 4 (i)-(l)). The cross line plots of
optical properties of reconstruction images are presented in Fig. 5.

It can be seen that the location of the perturbation is found by both methods. However, the parametric-DCT
reconstruction leads to a more accurate depicition of the shape of the perturbation and yields more accurate
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Figure 4. 3D synthetic reconstruction of absorption coefficients’ images with the standard method and the parameteric-
DCT method; exact 3D image setup (a); the standard method reconstructed 3D image (e); the parametric-DCT method
reconstructed 3D image (i); and their cross-sectional images at the plane defined as x - 3.0 = 0.0 ((b), (f), (j)); y - 2.05
= 0.0 ((c), (g), (k)); z - 2.5 =0.0 ((d), (h), (i)). Here (b), (c), and (d) are cross-section images for the exact setup; (f),
(g), and (h) for the standard reconstruction; and (j), (k), and (l) for the parameteric-DCT reconstruction, respectively.

Figure 5. Cross line plot of the reconstructed optical properties at the line (a) along x axis at the plane z-0.0 = 0.0, (b)
along y axis at the plane z-0.0 = 0.0, (c) along z axis at the plane x-3.0 = 0.0.
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values for the optical properties.. Using the standard MOBIIR reconstruction, a few elements aorund the
source-detector planes show very high values, while others elements don’t even reach the image’s average value.
Especially, in the z-direction, the shape of the perturbation is totally distorted. These phenomena are due to
the fact that the known measured data are far fewer than the unknown parameters, particually in this 3D case.
With insufficient known measured data, we can only expect to reconstruct the low frequency components of the
image.

To quantitatively measure the accuarcy of the reconstructed images, we use the following two imaging
evaluation metrics:

1) maximum error:
εmax = max ‖ M r

i − Mo
i ‖ i = 1, · · · , C, · · · , N, (10)

2) root mean square error:

εrms =
‖ Mr − Mo ‖l2√

N
=

√∑N
i=1(M

r
i − Mo

i )2
√

N
, (11)

here Mo ∈ R
N and Mr ∈ R

N is an exact (reconstructed) values on discretized elements. The quantitative
errors show again the high accuracy of the parametric-DCT method.

Table 1. Reconstructed images’ errors with different methods

Errors Standard Parametric-DCT

εmax 0.0754 0.0610

εrms 0.0195 0.0122

4.3. Reconstruction results using phantom data

In addition to the numerical example, we performed experiments on tissue-like phantoms with a similar setup.
The reconstructed µa maps are shown in Fig. 6. Using the parametric-DCT method, we again reconstructed
kx × ky × kz = 10× 10× 3 (=300) DCT coefficients. Evaluating Fig. 6, one can see that the parameteric-DCT
method yields a more accurate shape of the perturbation than the standard MOBIIR reconstruction. Especially
in the z-direction, this advantage is more obvious. However, the diameter of the reconstructed perturbation
using the parametric-DCT method is bigger than the exact setup. This may be caused both by the measurement
noise and the smoothing properties of the DCT method.

5. CONCLUSIONS

We have formulated the inverse problem in optical tomography using a parametric method based on the discrete-
cosine transform (DCT). An existing model-based iterative image reconstruction (MOBIIR) scheme that uses
the frequency-domain equation of radiative transfer (ERT) as light propagation model was adapted accordingly.
We illustrated the performance of the new code using synthetical and experimental data. It could be shown
that the parametric-DCT reconstruction method allows to substantially reduce the number of unknown image
parameters (here by a factor of 77) and overall results in better quality of the reconstructed images, when
compared to standard, non-parametric reconstruction technique. A slight decrease in computation time was
observed, mainly due to faster convergence of the parametric method. The parametric code also appears to be
more stable and less prone to image artifacts, often observed when standard techniques are employed, which
reconstruct each element on a discrete mesh. Another advantage of the parametric imaging approach is that
the regulariziation term typically needed in standard reconstruction techniques can be omitted. As known
finding a suitable regularization parameter is not a trivial task, and can be very computationally demanding.
For example, the frequently used L-curve method requires one to perform many reconstruction with a serier of
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